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UNIFORM CLOSURE OF DUAL BANACH ALGEBRAS
MASSOUD AMINI
Abstract. We give a characterization of the ”uniform closure” of the dual of
a C∗-algebra. Some applications in harmonic analysis are given.
1. Four topologies on the unit ball of a C∗-algebra
Let A be a C∗-algebra and P (A),S(A),A∗1, and A
∗denote the pure state space,
state space, closed dual unit ball, and the dual of A, respectively, all equipt with
the w∗-topology. Let A1denote the closed unit ball of A. Following [L], we consider
the following four topologies on A1:
1. (w) ai → 0 iff < ai, f >→ 0 (f ∈ A∗),
2. (wo) ai → 0 iff < aix, f >→ 0 (x ∈ A, f ∈ A∗),
3. (so) ai → 0 iff ||aix|| → 0 (x ∈ A),
4. (uc) ai → 0 iff ai → 0 , uniformely on w∗-compact subsets of S(A).
Note that (so) is just the restriction of the strict topology of the multiplier
algebra M(A) to A1. Also note that if in (4) one requires the uniform convergence
on w∗-compact subsets of A∗1 (instead of S(A) ), one get nothing but the norm
topology (Banach-Alaoglu).
Lemma 1.1. (Akemann-Glimm) Let H be a Hilbert space and S, T ∈ B(H). Let
g : R→ R be a non negative Borel function and 0 < θ < 1. Assume moreover that
1. 0 ≤ T ≤ 1, S = S∗, and S ≥ T ,
2. g ≥ 1 on [θ,+∞) ,
3. < Tζ, ζ >≥ 1− θ, for some ζ ∈ H.
Then < g(S)ζ, ζ >≥ 1− 4
√
θ.
Proof. Lemma 11.4.4 of [D].
Proposition 1.1. Topologies w, wo, and so coincide on A1 and they are stronger
than uc.
Proof. (wo⊂w). Given f ∈ A∗ and x ∈ A , consider the Arens product x.f ∈
A∗ defined by x.f(a) = f(ax) (a ∈ A) . If {ai} ⊂ A1 and ai → 0 (w) then
< aix, f >=< ai, x.f >→ 0 , i.e. ai → 0 (wo).
(w⊂wo). By the Cohen Factorization theorem [DW] , we have A∗ = A.A∗ =
{x.f : x ∈ A, f ∈ A∗}. Now if {ai} ⊂ A1 and ai → 0 (wo), then given g ∈ A∗ ,
choose x ∈ A and f ∈ A∗ such that g = x.f . Then < ai, g >=< aix, f >→ 0 ,
i.e. ai → 0 (w).
(wo⊂so). Trivial.
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(so⊂wo). We adapt the proof of theorem 1 of [L]. Given f ∈ A∗ , we need only
to show that if f restricted to A1 is so-continuous, then it is also wo-continuous.
To this end, assume the so-continuity and note that each a ∈ A could be associated
with the (bounded) linear operator on A , taking x ∈ A to ax. If N = ker(f), then
by convexity of A1, we have (N ∩ A1)−so ∩ A1 = N ∩ A1 (theorem 13.5 of [KN]).
Hence (N ∩A1)−wo∩A1 = N ∩A1 (corollary 5 of [DS]) , and so f is wo-continuous.
(uc⊂wo). We use an idea of [AAP]. Take a w∗-compact subset K of S(A) and
let f ∈ K. Then, given θ > 0 there exists af ∈ A such that 0 ≤ af ≤ 1 and
f(af) > 1 − θ (see the proof of lemma 4.5 in [AAP]). Take the w∗-neighbourhood
Vf = N(f, af , θ/2) = {g ∈ S(A) : |g(af ) − f(af)| < θ/2} of f in S(A). Then
given g ∈ Vf we have g(af ) ≥ f(af ) + θ/2 > 1 − θ + θ/2 = 1 − θ/2. Cover K by
{Vf}f∈K and use w∗-compactness of K to get n ≥ 1 and f1, f2, ..., fn ∈ K such
that K ⊂ Vf1 ∪ ... ∪ Vfn . Put ai = afi (i = 1, ..., n) and a = a1 + ... + an . Let
g : R → R be a continuous function which is 0 on (−∞, 0], 1 on [2
√
θ,+∞), and
linear on [0, 2
√
θ]. Put b = g(a), then 0 ≤ b ≤ 1 . Now given f ∈ K we have
f ∈ Vfi , for some i, say i = 1. Then f(a1) ≥ 1 − θ/2 . On the other hand, there
is a cyclic representation {π,H, ζ} of A such that f(x) =< π(x)ζ, ζ > (x ∈ A) .
Take T = π(a1) and S = π(a), then clearly 0 ≤ T ≤ 1 and S ≥ T . Hence by above
lemma,
f(b) =< π(b)ζ, ζ > = < π(g(a))ζ, ζ >
= < g(π(a))ζ, ζ >=< g(S)ζ, ζ >
≥ 1− 4
√
θ/2 ≥ 1− 4
√
θ.
Now consider a net {ai} ⊂ A1 such that ai → 0 (so), then inside M(A) we can
write ai = aib+ ai(1− b), (1− b)2 ≤ (1− b), and f(1) = ||f || = 1. Hence, for each i
|f(ai)| ≤ |f(aib)|+ |f(ai(1 − b))| ≤ ||aib||+ f(aia∗i )1/2f((1− b)2)1/2
≤ ||aib||+ ||aia∗i ||1/2f(1− b)1/2
≤ ||aib||+ (1 − (1− 4
√
θ))1/2
= ||aib||+ 2 4
√
θ.
Hence supf∈K |f(ai)| ≤ ||aib||+ 2 4
√
θ, and so ai → 0 uniformely on K, as required.
Corollary 1.1. If A is a C∗-algebra, A1 is the unit ball of A, and f : A → C is
continuous with respect to (uc) , then f is continuous with respect to (w).
2. Dual Algebras
Notation 2.1. (Walter) [W] If A is a C∗-algebra, L(A), P(A), and D(A) denote
the collection of all bounded, completely positive, and completely bounded linear
maps of A into A, respectively. D(A) is called the dual algebra of A.
It can be shown that D(A) is a Banach algebra with conjugation (this is the
same as involution , except that it preserves the order of multiplication) , and if
B(A) is the closed linear span of P(A) in D(A) (with respect to the completely
bounded norm) then B(A) ⊂ D(A) ⊂ L(A) [W].
Definition 2.1. (Walter) [W] Let A and B be Banach algebras with involution
and conjugation such that there are C∗-algebras C∗(A) and C∗(B) satisfying the
following conditions:
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1. There are Banach algebra homomorphisms iA : A → C∗(A) and iB : B →
C∗(B) which are one-one, onto a dense subalgebra, and preserve involution.
2. There are norm decreasing Banach algebra isomomorphisms jA : A→ D(C∗(B))
and jB : B → D(C∗(A)) which preserve conjugation.
Then A and B are called dual algebras. If the involutions and conju-
gations of both algebras are isometric, the duality is called semi rigid. If
moreover both jA and jB are isometric, the duality is called rigid.
Definition 2.2. Consider the dual algebras A and B. The duality is called com-
plete if there are norm decreasing linear injections kA : C
∗(A)∗ →M(C∗(B)) and
kB : C
∗(B)∗ →M(C∗(A)). Here M stands for the multiplier algebra.
Example 2.1. If G is a locally compact group then the Fourier algebra A(G)
and the group algebra L1(G) are dual. Here we take C∗(A(G)) = C0(G) and
C∗(L1(G)) = C∗(G). The duality is rigid [W] and complete [P].
Example 2.2. If A is Mn(C) with shur product and trace norm and B is Mn(C)
with usual matrix product and L1 norm, then A and B are dual and duality is rigid
[W] and complete. This is a special case of example 3.1 for G being the principal
transitive groupoid on n elements.
Example 2.3. If A is the C∗-algebra of trace class operators on ℓ2 and B is the
subalgebra of M∞(C) consisting of countably infinite matrices with finite L
1 norm,
then A and B are dual and duality is semi rigid [W] and complete. This is a special
case of example 3.1 for G being the principal transitive groupoid on countably many
elements.
Definition 2.3. Consider the dual algebras A and B. The duality is called amenable
if there are surjective isometric isomorphisms lA : C
∗(A)∗ → M(B) and lB :
C∗(B)∗ →M(A).
Example 2.4. The duality of example 2.1 is amenable iff the locally compact group
G is amenable [L].
Proposition 2.1. Every amenable rigid duality is complete.
Proof. Since the Banach algebra D(C∗(B)) is unital, the isometric isomorphism
jA : A→ D(C∗(B)) uniquely extends to one on M(A), still denoted by jA . Take
kB = lB ◦ jA . Now kA is constructed similarly.
Remark 2.1. Example 2.1 showes that the convers of above proposition is not true.
3. Uniform closure of dual algebras
Consider the dual algebras A and B. If the duality is complete, then using
the norm decreasing linear injection kA : C
∗(A)∗ → M(C∗(B)) , one can identify
C∗(A)∗ with a subalgebra of M(C∗(B)), where of course the norm of the later
(which is denoted by ||.||u ) is weaker. In this section we want to calculate the
closure of C∗(A)∗ in M(C∗(B)), which we call the uniform closure.
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Theorem 3.1. Consider the dual algebras A and B. If the duality is rigid and
complete, then the closure of C∗(A)∗ in M(C∗(B)) consists exactly of those ele-
ments b ∈M(C∗(B)) which satisfy the following property:
If {an} is any sequence in the unit ball A1 of A such that < an, f >→ 0 for all
f ∈ C∗(A)∗, then < an, b >→ 0.
Proof. Assume that b is in the uniform closure of C∗(A)∗ and {an} is any sequence
in the unit ball A1 of A such that < an, f >→ 0 for all f ∈ C∗(A)∗. Let θ > 0,
and take g ∈ C∗(A)∗ such that ||b− g||u < θ. Then by assumption, < an, g >→ 0.
Therefore
lim sup
n→∞
| < an, b > | = lim sup
n→∞
| < an, b− g > | ≤ lim sup
n→∞
||b− g||u.||an|| < θ.
Hence < an, b >→ 0.
Conversely suppose that b ∈ M(C∗(B))\(C∗(A)∗)−||.||u . Then by closed graph
theorem, b is not w-continuous on A1, where w = σ(A,C
∗(A)∗). By corollary 1.1,
b is not uc-continuous on A1,hence there is θ > 0 and for each norm bounded
K ⊂ C∗(A)∗ and each δ > 0, there is aK,δ ∈ A1 such that
| < aK,δ, b > | ≥ θ , | < aK,δ, f > | < δ (f ∈ K).
Fix w∗-compact subset K ⊂ C∗(A)∗ and put a1 = aK,1. Then take
K1 = {f ∈ C∗(A)∗ : | < a1, f > | ≥ 1}
and put a2 = aK1,1. Continuing this way we put
Kn = {f ∈ C∗(A)∗ : | < ai, f > | ≥ 1/n (1 ≤ i ≤ n)}
and an+1 = aKn,1/n . Then < an, f >→ 0 for all f ∈ C∗(A)∗ (for those f which
belong to ∪n≥1Kn use the defining property of aK,δ’s and for others use the defining
property of Kn’s) but | < an, b > | ≥ θ (n ≥ 1), and we are done.
It is clear from the proof of the above theorem that we only need to assume a
”one way duality” relation betwen two algebras. More precisely it is enough that
A and B satisfy the following definition.
Definition 3.1. Let A and B be Banach algebras with involution such that there
are C∗-algebras C∗(A) and C∗(B) satisfying the following conditions:
1. There are Banach algebra homomorphisms iA : A → C∗(A) and iB : B →
C∗(B) which are one-one, onto a dense subalgebra, and preserve involution.
2. There is norm decreasing linear injection kA : C
∗(A)∗ → M(C∗(B)). Here
M stands for the multiplier algebra.
Then A is called semi dual to B.
Example 3.1. If G is a topological groupoid with Haar system then the Fourier
algebra A(G) [RW], [R] is semi dual to the convolution algebra Cc(G) (except that
here Cc(G) is only a normed *-algebra). Here we take C
∗(A(G)) = C0(G) and
C∗(Cc(G)) = C
∗(G).
Example 3.2. If S is a commutative separative foundation topological semigroup
then the L∞-representation algebra R(S) on S [L] is semi dual to the semigroup
algebra M(S). Here we take C∗(R(S)) = Cb(S) and C
∗(M(S)) =W ∗(S) [La].
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Example 3.3. If S is a foundation topological *-semigroup whose *-representations
separate the points of S, then the Fourier algebra A(S) [AM] is semi dual to the
semigroup algebra Ma(S). Here we take C
∗(A(S)) = C0(S) and C
∗(Ma(S)) =
C∗(S) [AM].
Example 3.4. If S is an inverse semigroup then the Fourier algebra A(S) [AM2]
is semi dual to the semigroup algebra ζ1(S). Here we take C∗(A(S)) = C0(S) and
C∗(ζ1(S)) = C∗(S) [AM2].
Theorem 3.2. Consider the involutive Banach (normed) algebras A and B. If A
is semi dual to B, then the closure of C∗(A)∗ in M(C∗(B)) consists exactly of those
elements b ∈M(C∗(B)) which satisfy the following property:
If {an} is any sequence in the unit ball A1 of A such that < an, f >→ 0 for all
f ∈ C∗(A)∗, then < an, b >→ 0.
As a corollary we get the main result of [L], whose proof is adapted in our
theorem 3.1.
Corollary 3.1. [L] Let S be a commutative separative foundation semigroup with
identity and let R(S) denote the L∞-representation algebra on S. Then for a func-
tion f ∈ Cb(S) the following are equivalent:
1. f ∈ R(S)−||.||∞.
2. If {µn} is any sequence in the unit ball of Ma(S) such that µˆn(χ) → 0 as
n→∞, for all χ ∈ Sˆ, then ∫
S
fdµn → 0, as n→∞.
Proof. Example 3.2 and theorem 3.2.
As another corollary we get the non commutative version of the above result,
which has been our main motivation to write this paper.
Corollary 3.2. Let S be a foundation topological *-semigroup with identity whose
*-representations separate the points of S, and let B(S) denote the Fourier-Stieltjes
algebra on S. Then for a function f ∈ Cb(S) the following are equivalent:
1. f ∈ B(S)−||.||∞.
2. If {µn} is any sequence in the unit ball of Ma(S) such that
∫
S
gdµn → 0 as
n→∞, for all g ∈ P (S), then ∫
S
fdµn → 0, as n→∞.
Proof. Example 3.3 and theorem 3.2.
As far as I know, this result is new even for locally compact groups (although
B(G)−||.||∞ has been studied in other directions (see for instance [C]).
Corollary 3.3. Let G be a topological group and m be a left Haar measure on
G, and let B(G) denote the Fourier-Stieltjes algebra on G. Then for a function
f ∈ Cb(G) the following are equivalent:
1. f ∈ B(G)−||.||∞ .
2. If {fn} is any sequence in the unit ball of L1(G) such that
∫
G
gfndm→ 0 as
n→∞, for all g ∈ P (G), then ∫
G
ffndm→ 0, as n→∞.
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